
ABSTRACT 

A Statistical Decision Method for Economic Evaluation 
of the Exterior Envelopes of Buildings 

Anna Maria Ercules 

ASHRAE Associate Member 

The author describes a multi-stage adaptive statistical decision method which 
can help to define standards for the insulation of the exterior envelopes of 
buildings. ' 

Two types of uncertainty are explored. 

The first type involves possible changes in economical and competitive fac 
tors likely to affect cash flows. These factors will be referred to as "states
of the world". 

The second type involves the uncertainty of cash flows, once the "states 
of the world" are known. 

The method, based on Bayesian theory, is primarily concerned with the first 
uncertainty type. 

The decision maker is allowed to take differences in the time of future 
earnings into account, by the use of a discount rate. His attitudes towards risk 
and non-monetary utilities associated with the possible outcomes are considered 
in the decision procedure. 

As an example it is shown how, in a real-world case, the proposed method 
can lead to results that are substantially better than the ones obtained by more 
conventional techniques. 

INTRODUCTION 

The basic aspects inVOlved in the optimization of building structures from the 
energy consumption point of view are two: 

a. The use of new building typologies or construction techniques aimed to sav
ing energy. 

b. The increase in the envelope insulation disregarding construction techniques 
and building typologies. 

The first aspect is strictly related to applied research and its practical 
large scale application involves long range planning. 

The second leads to the definition of standards and it has an immediate in 
fluence on all builders' and designers' everyday activity. It does not prevent, 
of course, the use of new techniques in construction and design. 

This note is concerned with the second approach; it describes a means of 
evaluating the optimal insulation in building envelopes for both the retrofit 
and the new construction case. The following data must be known: the insulation 
in existing buildings for the retrofit case, the state of art in building and 
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design for the new construction case, fuel and insulation costs, meteorological 
data. 

The proposed method is based on statistical decision theory. 

PROBLEM DEFINITION 

The increase of insulation in an existing building or in a building being 
planned involves an investiment, i.e. an expense for insulation to be met, hop
ing for future saving in energy consumption. In general the annual monetary 
savings, S, obtained by the increase in thermal resistance from the value R to 
the value b for a unit surface depend on the annual fuel cost savings, Ce , and 
the annual expense for insulation, Ci. It is: 

where: 

being: 

S = Ce - Ci ( 1 ) 

Ci = (Co + g(b-R)) . D (2) 

Ce = g (b, R) . Le (3) 

the unit installation cost for insulation 
the energy unit cost. 

The function g (b - R) shows insulation cost increase as a function of 
thermal resistance increase. The function g (b, R) takes into account climat 
ic data and all the factors relevant to thermal balance that are dependent on 
thermal resistance variations. The uniform capital recovery factor, D, must be 
determined according to the law enforced in the country being taken into con
sideration. 

The ratio: 

P = Le . g (b,R) / (Ci/D - Co) 

will be used in the following pages; it can be considered as the parameter re
presenting insulation and fuel relative marginal cost. 

To evaluate the global savings defined by Eg. 1, with reference to the to
tal envelope population and not to a unit surface, the "existing envelope ther
mal resistance distribution" must be determined. For the purpose of standards 
determination in the retrofit case and in the new building case, the "existing 
envelope thermal resistance distribution" has two different meanings. When the 
matter in guest ion is a retrofit problem, a function fIR) must be determined, 
showing the relation between the existing surface area and the corresponding 
thermal resistance R. When the problem in hand relates to the new construc
tion case, the function indicates the probability for a unit of surface of re
sistance R being built, and it depends on construction and design techniques 
being adopted. In both cases we will refer to fIR) as a probability density 
function. Eg. 1, considering the envelope resistance probability distribution, 
can be written as: 

S h9(b,R).Le-g(b-R).D-CoD f(R)dR (4) 

( 5 ) 

The upper limit of integration is b, as only the envelopes having a re
sistance lower than the admissible limit b are relevant to the determination 
of the benefit arising from the proposed standard. 

Summarising: for a given locality, defined by its meteorological data, and 
for a given envelope resistance density function, ,the savings that can be 
achieved enforcing a lower admissible value b for all envelope resistances is 
a function of the limit b and of the price ratio P. 

It is: 
S = S (b, P) (6) 

P varies with time and is not known with certainty. The decision-maker wishes 
to choose the optimal b. 
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THE UTILITY FUNCTION 

Annual savings should not be the only factor taken into consideration as there 
are many equally important determining factors which should be kept in mind. In 
general the solution requires the maximization of an appropriate function U = 
U (b, P). The function U will be defined according to the technical or econ
omic factors that are to be taken into account. The simplest utility function 
is, of course U (b, P) = s. Other examples are discussed in this section. 

- If comfort is to be considered, a suitable utility function is: 

U (b, P) = S (b, P) • (1 - e - bk) (7 ) 

where k is a constant depending on the meteorologi ,,~l data and the factor 
(1 - e-bk ) , that grows exponentially from 0 to 1 as n grows from 0 to CO , re

presents the comfort related with the envelope resistance b. This function has 
been obtained considering that room comfort depends on both air and wall tempera 
ture, and that wall temperature is a function of wall resistance. -

- Walls having a resistance lower than the limit ~ will give origin to conden-
sation on the inside surfaces. To take into account the utility arising from 
the disappearance of condensation, the following equation can be selected: 

U (b, P) S (b, P) k (b -'b) (8) 
where: 

k (b - 15) 
k (b -~) 

= 1 
> 1 

for 
for 

A 

(b - b) < 0 
(b -1,) > 0 

- If decision-makEr's risk aversion is to be taken into account, it is: 

U (b, P) 

where: 

S (b, P) • __ 1'-...-;
_1 

1 + k hs 2 

hs is the precision for savings, and k 
sion-maker 1 s risk aversion~ Remembering 

h- 1 h- 1h 2 (b) + .2 
s 1 J 

(9) 

is a constant representing the deci
Eq. 5 , it is: 

( 10) 

Savings variance is calculated as the sum of two terms. The first rises from 
the uncertaintl concerning the ratio of insulation and energy costs; the sec
ond, called j , rises from the uncertainty by which the techniques and the 
materials used to increase the envelope resistance to the limit b can be 
forecasted. The value of j2 can be determined identifying the single uncer
tainty sources such as insulation material duration, installation difficulty, 
difference between selected material cost and general average insulation cost, 
and evaluating the values these factors have for every material type. Factors 
variance 1/hi and covariance 1/hij between factors can be determined, 
based on the range of probability that insulation materials have to be se
lected. 

If the effects of the single uncertainty causes are of the 
they sum to each other to give the overall result, it is: 

j2 = L + + 2 . L 
iii <;' j 

1 

additive type, i.e. 

( 11 ) 

Many relevant factors can be considered by means of the utility function, 
combining the equations described above. 

In the time in which the savings are achieved is relevant, it is: 

U 
1 

( 1 2) 

where (1 +I)i is the uniform capital recovery factor and the constants ki 
allows the decision-maker to further vary the sum addenda, giving for example 
greater importance to savings in the immediate years. 
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THE OPTIMIZATION PROCEDURE 
Utility U = U (b, p) can be represented by a family of curves U = U (P) , each 
curve being characterized by a different value of b (Figure 1). 

Let u* = U* (P) be the envelope of such curves. It shows the maximum util
ity that can be achieved for a fixed P. Let b* be the value of b correspond
ing to each point in the curve; J:iI' = b* (P) is the optimal b for the consider
ed price ratio P. 

If P where known with certainty, for example P = Po' b* = b*(Po ) would 
solve the optimization problem. 

The solution would be characterized by point A, its coordinates Po I Uo ' 
and by bi\' which identifies the curve tangent to U in A. 

As a matter of fact only today's value of P is known, and as it can be 
easily foreseen, it will vary in the future. 

In subsequent periods if the decision is not varied, the point A will 
move on the line identified by b = bo according to the value of P, and the 
corresponding utility will not reach the maximum value that can be achieved, 
shown by U = U*. 

Maximum utility can be achieved only varying b, according to P. 

In practice this can not be done for many reasons, first of all because of 
the long time required for the enforcement of standards. On the other hand if a 
fixed value for b is chosen, based only on today' s value of P, a result may 
be obtained which is very far from the optimal. 

In particular standard enforcement, changing demand for both insulation 
and fuel, will cause p to vary in a way that can not be easily forecasted. 

For such reasons it seems to be a reasonable compromise to divide- the de
cision procedure in two steps: 
_ choice of the optimal lower admissible limit for envelope resistance on the 

basis of current prices; enforcement by law of this limit; 

_ situation re-examination after a fixed time period has passed since the law 
came into force; lowest admissible limit change according to the new condi
tions. 

A mathematical model, described in Appendix A, has been developed to simu
late the proposed two step procedure, to calculate its yield and to compare it 
with more conventional one step techniques. Such a model divides action in two 
phases: 
1. an optimal lower admissible limit for envelope thermal resistance is chosen 

according to today's value of P. In the following pages the chosen value 
of b will be called e; 

2. based on the results z achieved as a consequence of action e I a better 
estimate of P will be made, and the final value for b will be chosen. The 
final value of b will be called s. 

The single step procedure, seen as a particular case of the two-step 
method, can be considered as the optimal procedure when price ratio probability 
density function does not change with time. In all other cases the two methods 
will lead to different results. 

P is defined as a random variable; the expected value m and precision h, 
which is defined as the inverted variance, are the parameters characterizing 
the probability density distribution of P. Also m and h are not known and 
are considered to be random variables with joint probability density distribu
tion f (h, m) . 

The expected values of hand m, called ho and mo 
probability distribution f (h, m) , at first are evaluated 
knowledge currently available. When the first period has 
been observed, their evaluation will be improved. 

characterizing the 
on the basis of the 
elapsed and z has 

The global utility will be defined as the sum of utilities in period 1 
and period 2 

U ( 13) 
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where 1 + I is the discount factor. 

RESULTS 

An application of the method is described by the example in Appendix B. In that 
example the new construction case is considered, and degree-days procedure is 
used for energy consumption valuation. From Figure B.2 it can be seen that for 
high value of P the curve showing the maximum value of utility approaches a 
straight line. This means that the higher the fuel cost is in relation to insu
lation cost, the less influent is the optimization of insulation resistance with 
respect to future cost variations. Moreover from Figure B.6, it can be seen 
that for the examined case, if a one-step decision procedure is adopted, i.e. 
standards are not allowed to change as a consequence of price variation, savings 
are 20% lower than the savings allowed by a two-step procedure. 

DISCUSSION 

Reliability in the results obtained by the proposed method depends on input data 
precision and on the accuracy by which the relation between fuel consumption and 
envelope thermal resistance can be described. Appendix B simply describes a 
particular application; the method can be adopted using energy consumption valu
ation procedures other than degree-days. 

The global utility functions for the proposed procedure and for the more 
conventional one-step procedure show a maximum for the same value of e, as it 
can be seen in Figure B.G. This can be easily understood considering that U~, 
expected value of the optimal utility function in period 2 taken with respect 
to z, is independent of e. The proposed procedure gllkbal results can be _ 
thought_of having been obtained by adding a constant U2 to the curve U1 =U1(e), 
where U1 is the expected value of utility in period 1, U1 (e, z), taken with 
respect to z. Global utility maximum is therefore reached for the value of e 
which maximizes U1. 

For the one-step procedure, on the other hand, utility expected value in 
period 2 is equal to utility expected value in period 1. Global utility is 
therefore equal to K' U1 (e) , where K is a constant taking interest rate into 
account and it reaches its maximum for the some value of e which maximizes 
U1 (e) . 

The effect of feed-back caused by the first period decision e on the price 
ratio have to be studied in detail. In general it can be said that it will 
lower utility estimate computed in this note, both for the proposed method and 
the one-step decision. 

In the retrofit case special attention must be paid in the determination 
of the second period lower admissible limit. 

Existing envelope distribution has changed as a consequence of period 1 de
cision, because all resistances not complying to the standard e have been in
creased to this value. Insulation installed in period 1 will not be removed 
and consequently period 2 decision can involve only an increase in the admiss
ible limit, Le. s ~ e • 

This fact will be taken into account in the computations adding the addi
tional constraint: 

s = e if s* < e. 

Grafically point A (Figure 1) in period 2 for P< Po will move on the line 
b = bo without reaching the optimal curve U%. 

, 
The effect on the final conclusions caused by lack of precision in input 

data should be studied. However it can be stated that to obtain reliable esti
mates for savings from the enforcement of a lower limit for building envelopes, 
the following data and functions must be known with a suitable precision: 

- existing (retrofit case), or planned (new construction case) envelope resis
tance density function; 

- meteorological data and methods to compute their effect on energy consumption; 

- the function relating thermal resistance with energy consumption; 
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_ the function relating insulation cost and insulation thermal resistance. 

Research should be carried out in those fields,to improve knowledge cur
rently available. 

CONCLUSIONS 
A mathematical model has been described that can be helpful in the evaluation 
of the economic profitability of the increase of insulation in the external en
velope of buildings. 

The model can be applied both to the retrofit and the new construction 

case. 
The model can be used with reference both to a single building and to a 

complex of buildings. In this second case it can help to define standards. 

The model does not suggest changes in typology or construction methods, it 
is strictly related to the evaluation of insulation increases given the "state 
of the art" of design and the existing insulation envelope situation. 

The method leads to: 
1. the determination of the lower admissible limits for insulation, which is op 

timal from the decision maker's point of view; such a limit can be trans- -
formed into a standard or a law, when applied to all the existing buildings 
or to all the buildings being planned for construction in a certain place 
with given current energy price, insulation costs and meteorological data; 

2. the assessment of the economic worth of the decision, keeping in mind that a 
certain period of time will be required to obtain results of practical sig
nificance, and that in the meanwhile price conditions have changed; 

3. the assessment of the opportunity to re-examine the chosen decision after a 
period of time, to take changes of fuel and insulation prices into account. 

APPENDIX A 

MATHEMATICAL STATEMENT OF THE PROBLEM 

A detailed description of the mathematical aspects of the model can be found 
in 1. 

The following basic data are relevant to the decision problem: 

1 - Space of terminal acts: S = {s1 
The decision maker wishes to select a single act s from the domain of po
tential long-term decisions on the lower limit of admissible envelope re
sistance. 

2 - State space: Y = {y} 
The decision maker believes that the consequence of adopting a terminal act 
s depends upon some "state of the world" which he can not predict with cer 
tainty. 
Each potential state which will be labeled by a y with a domain Y, is de
fined by price ratio in period 2, and is identified by h~ and m~ 

3 - Family of immediate acts: E = {e} 
importance he should attach to each y 
a single short term act e from a fam
or decisions on the lower limit of ad-

4 -

To obtain further information on the 
in y, the decision maker may select 
ily E of potential short term acts, 
missible envelope resistances. 

, 

Sample space: Z = fz} 
The value P assumes as a consequence of the short term decision 
be labelled by a z with domain Z 

e will 

5 - Utility evaluation u (., ., ., .) on Ex Z x S x Y 

The decision maker assigns a utility u(e,z,s,y) to performing a particu
lar e, observing a particular z, taking a particular action s, and then 
finding what a particular y obtains. 
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The evaluation of u takes account of the costs or savings (monetary or 
others) of the short term decision as well as the consequences of the ter
minal act. 

6 - Probability assessment fy, z ( . , . ,/e) on Y x Z 

For every e in E the decision maker assigns a jOint probability measure 
fy,z(.,.,/e) or more briefly f(y,z/e) to the cartesian product space 
Y x Z. 

This joint probability measure determines four other probability measures. 

a. The marginal measure f' (y) on the state space Y (prior probability). 
We assume that f' (y) does not depend on e. 

b. The conditional measure f (z/e, y) on the sample space Z for given e 
and y. 

c. The marginal measure f (z/e) on the sample space Z for given e but un 
specified y. 

d. The conditional measure 
(posterior probability); 
evant aspects of e will 

f" (y/z) on the state space for given e and z 
the condition e is suppressed because the rel
be expressed as a part of z. 

The prime on the measure f' (y) defined in a. indicates that it is 
measure the decision maker assigns to Y prior to knowing the outcome 
the immediate action e. 

the 
z of 

The double prime on the measure f" (y/z) defined in d. indicates that it 
is the measure on y which he assigns posterior to knowing the outcome z of 
the experiment. 

In taking expectations of random variables, the measure with respect to 
which the expectation is taken will be indicated either by a subscript ap
pended to the expectation operator E, or by naming the random variable and 
the conditions in parentheses following the operator. Thus 

Ey or E' (y) is taken with respect to f' (y) 

E" or E"(y/z) is taken with respect to f"(y/z) y/z 
Ez / ey or E(z/e,y) 

E(z/e) 

is taken with respect to f(z/e,y) 

Ez / e or is taken with respect to f(z/e) 

The decision problem can be stated as: 

given E,Z,S,Y and f(y,z/e) how should the decision maker choose an e, 
and then, having observed z, choose an y in such a way as to maximize his 
expected utility? 

This problem can usefully be represented as a game between the decision 
maker and a fictitious character we shall call "chance". The game has four 
moves: the decision maker chooses e, chance chooses z, the decision maker 
chooses s, and finally chance chooses y. The play is then completed and 
the decision maker gets the upayoffll u(e,z,s,y). 

Although the decision maker has full control over his choice of e and s, 
he has neither control over, nor perfect knowledge of the choices of z and 
y which will be made by chance. 

We have assumed, however, that he is able in some way or another to assign 
probabilities measures over these choices, and the moves in the game pro
ceed in accordance with these measures as follows: 

Move 1 
Move 2 
Move 3 
Move 4 
Payoff 

The Decision Tree 

The decision maker selects e in E • 
Chance selects z in Z according to the measure f (z/e) . 
The decision maker selects a s in s. 
Chance selects a y in Y according to measure f" (y/z) . 
The decision maker receives u(e,z,s,y). 

When the spaces E, Z, S, and Yare all finite the flow of the game can 
be represented by a tree diagram; and although a complete diagram can actually 
be drawn only if the number of elements involved in E, Z, Sand Y is very 
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small, even an incomplete representation of the tree can aid our intuition. 

A partial tree of this sort is shown in figure A-1, where D denotes the 
decision maker and C denotes chance. 

At move D 
branch z i at move 
ceives the payoff 

chooses some branch e of the tree; at move 2 C chooses 
3 D chooses s i at move 4 C chooses y, and finally D 

u(e,z,s,y) . 

a 
re-

The problem can be worked out using a form of analysis which proceeds by 
working backwards from the end of the decision tree (right hand side or figure 
A-1) to the initial starting pOint: instead of asking which experiment e the 
decision maker should choose at move 1 when he knows neither the moves which 
will subsequently be made by chance, we start by asking which terminal act he 
should choose at move 3 if he had already performed a particular experiment e 
and observed a particular outcome z. Even at this point with a known history 
(e,z) the utilities of the various possible terminal acts are uncertain be
cause the y which will be chosen by chance at move 4 is still unknown; but this 
difficulty is easily resolved by treating the utility of any s for given (e,z) 
as a random variable U(e,z,s,y) and applying the operator Ey/z which takes 
the expected value of u(e,z,s,y) with respect to the conditional measure 
fn (y/z) 

Simbolically we can compute for any given history (e,z) and any terminal 
act s: 

U(e,z,s) = E~/z u(e,z,s,y) 

this is the utility of being at the juncture (e,z,s) 
chance has made a choice of y. 

(A. 1) 

looking forward, before 

Now, since the decision maker's objective is to maximize his expected util 
ity, he will, if faced with a given history (e,z) , choose the s for which -
U(e,z,s) is greatest; since he is free to make his choice as he pleases, we 
may say that the utility of being at move 3 with history (e,z) and the choice 
of s still to make is 

u*(e,z) maxsU(e,z,s) (A.2) 

After we have computed U*(e,z) in this way for all possible histories 
(e,z) , we are ready to attack the problem of the initial choice of an experi
ment. 

At this point, move 1, the utilities of the various possible experiments 
are uncertain only because the z that will be chosen by chance at move 2 is 
still unknown, and the difficulty is resolved in exactly the same way the diffi 
culty in choosing s given (e,z) was resolved: by putting a probability 
measure over chance's moves and taking expected values. 

In other words u*(e,z) is a random variable at move 1 because z is a 
random variable, and we therefore define for any e 

(A.3) 

where Ez / e expects with respect to the marginal measure f(z/e). 

Now again the decision maker will wish to choose the e for which U (e) 
is greatest; and therefore we may say the utility of being at move 1 with the 
choice of e still to make is 

U* max e U*(e) maXeEz/emaXsEy/zU(e,z,s,y) (A.4) 

Posterior Probability Calculation: Baye's Theorem 

If the prior distribution of the random variable y has a density function 
f', it follows from Baye' s theorem that the posterior distribution of y has a 
density function fIT whose value at y for the given z is 

fn (y/z) f' (y)f(z/y)N(z) (A.5) 

where N(z) is simply the normalizing constant defined by the condition 

fyfn(Y/Z)dY = N(z) Jyf'(Y)f(Z/Y)dY = (A.6) 

Calculations are particularly simple if 
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f(z/y) 1 ! -(z-m)Zh! h 2 e 2 (A.7) 

Le. f(z/y) is normal with expected value m and precision h. 

Both parameters of the normal process are unknown and are to be treated as 
random variables rn n; the most convenient joint distribution of the two vari
ables is what we call a normal-gamma distribution, defined by 

fN~(m,h/mo ,ho ,wo ,no) fN(m/mO ,noh) f/{Z (h/ho ,wo ) (A.8) 

O(.e -!hno(m-mO)Z(noh)l e!woh: h!wo -1 (A.9) 

-00 <m<+O:> 

h.( 0 

Wo' mol ho ' no < 0 

y is identified by (mo ' ho ) 

(A.10) 

If the prior distribution of (m,h) is normal-gamma with parameters 
(m~ , n~ , h~ , wo ) and if the experiment yields a z, the posterior distribu 
tion of (m,h) will be normal-gamma with parameters: 

mn 
0 

nn 
0 

h n 
0 

wn 
o 

APPENDIX B 

= 

= 

= 

AN APPLICATION 

n' 0 m' 0 

n' 0 

n' 0 + 

w· 
0 

+ Ii' 0 

w' 0 + 

+ z 

+ 1 (A.11) 

1 (A.1Z) 

w' 0 + 1 
(A. 13) 

nlm' 2 + z2 - n"m ll Z 
o 0 o 0 

1 (A. 1 4) 

As an example, a case related to the Italian situation will be considered. The 
following hypotheses will be made: 

- Unit cost for insulation thermal resistance is a constant; in other words, 
this means that the cost to increase insulation does not depend on thickness. 
In this case it is: 

q(b-R) Li . (b-R) (B. 1 ) 

where Li is a constant. 

- For a fixed interior temperature and a given climatic exterior situation, 
thermal flow through the envelope is inversely proportional to envelope ther
mal resistance. In this case the function g(b,R). defined in Eq. 3, can be 
written as: 

g (b, R) = 

where: 

c 
R 

b-R 
-b- (B.2) 

C R represents annual fuel consumption for a unit surface, evaluated for the 
situation preceding the enforcement of the resis'tance lower limit. 

e is a constant taking into account climatic conditions, interior temperature, 
and combustion efficiency; it has been evaluated by the degree-days method. 

b-R 
--b-- represents the percentage decrease of thermal flow through the envelope. 

- The "existing envelope thermal resistance distribution" is a ganuna-1 function 
(Fig. B. 1 ) . 
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f(R/ry) 
e-Ry(y R)r-1 

(r - 1) 
y 

- A new construction case is examined. 

R :> 0 
r,Y7 0 

Input data are listed in Table B.1. To approach values 
in Eq. B.3, it will be set: r ~ 3, Y ~ 4. The savings 
lower admissible limit b for all envelope resistances, 
multiplier are: 

S(b,P) ~ 
c (-- P - 1) 

R·b (R - nJ dR - K 

Y - ~]+ b . 

e-bY (_b2 .y-4b- -.£.) - 2y + 6 - K 
Y b 

The following utility function has been chosen: 

U(b,P) ~ S(b,P) (1 - e-kb ) 

where k is a constant. 

(B.3) 

1) and 2) in Table B.1, 
obtained enforcing a 
dropping a constant 

(B.4) 

(B.5) 

(B. 6) 

In the calculations and figures utility is measured in arbitrary units, 
savings are computed making reference to a one-year period, all other variables 
in S.l. units. 

Figure B.2 shows the curves U~ U(P) having b as a parameter. As it can 
be easily seen, the proposed method is usefull particularly for low value of P, 
where the curve U* ~ U*(p) trend is least approximated by a straight line. 

Figure B.3 shows the curve b* ~ b*(P). It represents the decisions to be 
adopted when P is known with certainty, and the decisions to be adopted in the 
first period when the price ratio is a random variable. 

The used method is logically equivalent to the method described in the Ap
pendix A. 

The IIstate of the world ll y is identified by h~ and m~, expected value 
of precision and expected value of price ratio P in period 2; its density 
function is determined by means of Baye's theorem. For the calculation purpose 
it is equivalent to the random variable t. 

In Appendix A only global utility was considered; here, to simplify calcu
lations, period 1 and period 2 utilities are computed separately. Period 2 
utility is maximized with respect to s, with z as a parameter; global utility 
is computed as a function of e and z, and at last its expected value, taken 
with respect to Z I is maximized. 

Let P be a random variable 
value m and precision h ; let 
normal-gamma type; it is: 

with normal density function, having expected 
h,m have a joint probability distribution of 

at or 

f(P/h,m) 1 1 
h 2 -lh(P-m)2 e 2 (B.7) 

From Eq. B. 7 the marginal density function for P in period 2 is: 

f" (t/e,z) ~ f" (P/e,z) 

fll (P/m~,h~ ) 

~ L~ f(P/m,h) f (m,h/m~,h~) dmdh (B.8) 

DC If 
hm 

Period 
E" t/z 

_.!'o (p_ m) 2 
e 2 

1 
(n~h) 2 I:' n"h 
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can be obtained applying oper-



=Ju2 (s,t/e,Z)f"(t/e,Z)dt 

-ks 
(h1(s)m~ + h 2 (s)) (1 - e ) 

Functions h1 and h2 have been defined in Eg. 5. 

(B. 9) 

For any value of z (i.e. of the price ratio in period 1) a curve can be 
drawn showing the utility expected value in period 2 as a function of the period 
2 decision s. Such a curve reaches its maximum value U* for s = s* The 
variables s* and u~ as functions of z are shown in Ffgure B. 4. 

The first period utility is: 

= (h 1 (e)z+h 2 (e)) ( 1 -ke) - e (B.10) 

Total utility can be computed by: 

U(e,z) = (B. 11) 

where I is the interest rate. 

The curve family U = U (z/e) having e as a parameter is shown in Figure 
B.S. 

The total utility expected value is: 

U(e) = f U(e,z) fez) dz (B .12) 

f (z), marginal density function of P in period 1, can be computed as 

fez) fO(P) 

Jff(p/m,h) f (m,h/m~, h~) dmdh 

hm 
h 2 "2 ( P-m) 

It is: 

D(e) = J (U, (e,z) + 
z 

e 
[- n~h (m _ m' ) 2 _ h 

-2- 0 "2 

U
2 

(z) 
-=--) fez) dz 
1 + I 

Figure B.6 shows the function U = U(e). 

(B.13) 

(B. 14) 

If the calculations shown in the above procedure are repeated choosing for 
s the value s::::: e instead of s = s*, the expected value obtained from B. 14, 
that will be called U' = 0' (e), shows the utility that can be obtained using 
a one-step decision algorithm without varying in period 2 the lower admissible 
limit for the envelope resistance. The function V' = UI (e) is shown in 
Figure B.6. 

The advantages of the proposed procedure can be easily seen. The segment 
U - U' represents the value of information gathered in period 1. , 

NOMENCLATURE 

Ce annual fuel cost savings. 
Ci annual expense for insulation. 
Co' uni t installation cost for insulation. 
D uniform capital recovery factor. 
I interest rate. 
Le energy unit cost. 
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Li insulation resistance unit cost. 
P unit fuel cost and unit insulation cost ratio (random variable) 0 

b lower admissible limit for envelope resistances. 
s value of b in period 2. 
z the value P assumes in period 1 after having taken action e. 
t the value P assumes in period 2 after having taken action s. 
R existing envelope resistance (retrofit case), envelope resistance of 

buildings that will be designed (new construction case) . 
S savings that can be obtained enforcing a lower admissible limit b for 

all envelope resistances; 
e value of b in period 1. 
h precision for P (random variable). It is defined as the inverse of vari 

ance. 
ho expected value of h. 
m expected value for P (random variable) . 
rno expected value of m. 
y state of the world, defined by (m, h) 
U(e,z,s,t) total utility. 
U1 (e,z) utility in period 1. 
U1 (e) expected value of utility in period 1. 
U2(s,t/e,z) utility in period 2, given z and e. 
U2(s/e,z) expected value of utility in period 2 taken with respect to t . 

"' U2(z,e) 

5 (e) 
f(m,h/mo,ho ) : 
f(P/m,h) 
f (R) 
g (b, R) 

g (b-R) 

" 
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TABLE B.1 

Input data for the example application 

1) Existing envelope resistance distribution average 

2) Existing envelope resistance distribution most 
likely occurrence 

3) Degree-days (base temperature: 19°C) 
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1500. 
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2300. Lit* 

m2 
4) Insulation resistance unit cost (today's value) 

5) Energy unit cost (today's value) 
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Figure 1 
u 

Uo 

utility as a function of PI for a 
given b. Choice of the optimal b. 

Figure B.1 
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Envelope resistance density function. 
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Figure A.1 
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Tree diagram representing the deci
sion procedure. 

Figure B.2 
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Utility as a function of P, in the 
example case. 
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Figure B.3 

.2'5 .5'0 

Choice of the optimal b in the propo~ 
ed example case, considering P as a 
deterministic variable. 

Figure B.5 
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Total utility for the proposed ex
ample as a function of z having e as 
a parameter 
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Figure B.4 
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Optimal value for s and corresponding 
utility in period 2 in the example 
case. 

Figure B.6 

, 
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Optimal utility for the proposed ex
ample adopting a two-step procedure 
and a single-step procedure. 
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